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In this paper, we obtain Lipschitz norm and BMO norm inequalities for Green’s operator
applied to differential forms. We also establish norm comparison theorems for the BMO
norm and the Lipschitz norm of Green’s operator.
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1. Introduction
The purpose of this paper is to derive the Lipschitz norm and BMO norm inequalities for Green’s operator applied to
differential forms. The differential forms can be used to describe various systems of PDEs and to express different geometric
structures on manifolds. For instance, some kinds of differential forms are often utilized in studying deformations of elastic
bodies, the related extrema for variational integrals, and certain geometric invariance. In themeanwhile, Green’s operator G
is often applied to study the solutions of various differential equations and to define Poisson’s equation for differential forms.
Green’s operator has been playing an important role in the study of PDEs. In many situations, the process to study solutions
of PDEs involves estimating the various norms of the operators. Hence, we are motivated to establish some Lipschitz norm
inequalities and BMO norm inequalities for Green’s operator in this paper.
We keep using the traditional notation. Let M be a bounded, convex domain and B be a ball in Rn, n ≥ 2, throughout
this paper. We use σB to denote the ball with the same center as B and with diam(σB) = σ diam(B), σ > 0. We do not
distinguish the balls from cubes in this paper. We use |E| to denote the Lebesgue measure of the set E ⊂ Rn. We call w
a weight if w ∈ L1loc(Rn) and w > 0 a.e. Differential forms are extensions of functions in Rn. For example, the function
u(x1, x2, . . . , xn) is called a 0-form. Moreover, if u(x1, x2, . . . , xn) is differentiable, then it is called a differential 0-form.
The 1-form u(x) in Rn can be written as u(x) = ∑ni=1 ui(x1, x2, . . . , xn)dxi. If the coefficient functions ui(x1, x2, . . . , xn),
i = 1, 2, . . . , n, are differentiable, then u(x) is called a differential 1-form. Similarly, a differential k-form u(x) is generated
by {dxi1 ∧ dxi2 ∧ · · · ∧ dxik}, k = 1, 2, . . . , n, that is, u(x) =
∑
I uI(x)dxI =
∑
ui1 i2···ik(x)dxi1 ∧ dxi2 ∧ · · · ∧ dxik , where
I = (i1, i2, . . . , ik), 1 ≤ i1 < i2 < · · · < ik ≤ n. Let ∧l = ∧l(Rn) be the set of all l-forms in Rn, D′(M,∧l) be the
space of all differential l-forms on M and Lp(M,∧l) be the l-forms u(x) = ∑I uI(x)dxI on M satisfying ∫M |uI |p < ∞
for all ordered l-tuples I , l = 1, 2, . . . , n. We denote the exterior derivative by d : D′(M,∧l) → D′(M,∧l+1) for
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l = 0, 1, . . . , n. If u = αi1i2···ik(x1, x2, . . . , xn)dxi1 ∧ dxi2 ∧ · · · ∧ dxik , i1 < i2 < · · · < ik, is a differential k-form, then
?u = sign(pi)αi1 i2···ik(x1, x2, . . . , xn)dxj1 ∧ · · · ∧ dxjn−k , where pi = (i1, . . . , ik, j1, . . . , jn−k) is a permutation of (1, . . . , n)
and sign(pi) is the signature of the permutation. The Hodge codifferential operator d? : D′(M,∧l+1)→ D′(M,∧l) is given by
d? = (−1)nl+1 ? d? on D′(M,∧l+1), l = 0, 1, . . . , n− 1. We write ‖u‖s,M =
(∫
M |u|s
)1/s and ||u||s,M,w = (∫M |u|sw(x)dx)1/s,
where w(x) is a weight. Let ∧lM be the lth exterior power of the cotangent bundle and C∞(∧lM) be the space of smooth
l-forms on M . We set W(∧lM) = {u ∈ L1loc(∧lM) : u has generalized gradient }. The harmonic l-fields are defined by
H(∧lM) = {u ∈ W(∧lM) : du = d?u = 0, u ∈ Lp for some 1 < p <∞}. The orthogonal complement ofH in L1 is defined
byH⊥ = {u ∈ L1 :< u, h >= 0 for all h ∈ H}. Then, Green’s operator G is defined as G : C∞(∧lM) → H⊥ ∩ C∞(∧lM)
by assigning G(u) be the unique element of H⊥ ∩ C∞(∧lM) satisfying Poisson’s equation ∆G(u) = u − H(u), where H
is the harmonic projection operator that maps C∞(∧lM) onto H , so that H(u) is the harmonic part of u. See [1] for more
properties of Green’s operator.
The nonlinear elliptic partial differential equation d?A(x, du) = 0 is called the homogeneous A-harmonic equation, or
the A-harmonic equation and the differential equation
d?A(x, du) = B(x, du) (1.1)
is called the nonhomogeneous A-harmonic equation for differential forms, where A : M × ∧l(Rn) → ∧l(Rn) and
B : M ×∧l(Rn)→ ∧l−1(Rn) satisfy the conditions:
|A(x, ξ)| ≤ a|ξ |p−1, A(x, ξ) · ξ ≥ |ξ |p and |B(x, ξ)| ≤ b|ξ |p−1 (1.2)
for almost every x ∈ M and all ξ ∈ ∧l(Rn). Here a, b > 0 are constants and 1 < p <∞ is a fixed exponent associated with
(1.1). A solution to (1.1) is an element of the Sobolev spaceW 1,ploc (M,∧l−1) such that
∫
M A(x, du) · dϕ + B(x, du) · ϕ = 0 for
all ϕ ∈ W 1,ploc (M,∧l−1) with compact support. Let A : M × ∧l(Rn) → ∧l(Rn) be defined by A(x, ξ) = ξ |ξ |p−2 with p > 1.
Then, A satisfies the required conditions and d?A(x, du) = 0 becomes the p-harmonic equation
d?(du|du|p−2) = 0 (1.3)
for differential forms. If u is a function (a 0-form), the Eq. (1.3) reduces to the usual p-harmonic equation div(∇u|∇u|p−2) = 0
for functions. We should notice that if the operator B = 0 in (1.1), then Eq. (1.1) reduces to the homogeneous A-harmonic
equation. Some results have been obtained in recent years about different versions of the A-harmonic equation, see [1–7].
Let u ∈ L1loc(M,∧l), l = 0, 1, . . . , n. We write u ∈ loc Lipk(M,∧l), 0 ≤ k ≤ 1, if
‖u‖loc Lipk,M = sup
σQ⊂M
|Q |−(n+k)/n‖u− uQ‖1,Q <∞ (1.4)
for some σ ≥ 1. Further, we write Lipk(M,∧l) for those forms whose coefficients are in the usual Lipschitz space with
exponent k and write ‖u‖Lipk,M for this norm. Similarly, for u ∈ L1loc(M,∧l), l = 0, 1, . . . , n, we write u ∈ BMO(M,∧l) if
‖u‖?,M = sup
σQ⊂M
|Q |−1‖u− uQ‖1,Q <∞ (1.5)
for some σ ≥ 1. When u is a 0-form, (1.5) reduces to the classical definition of BMO (M).
The following operator Ky with the case y = 0 was first introduced by H. Cartan in [8]. Then, it was extended to the
following general version in [9]. For each y ∈ M , there corresponds a linear operator Ky : C∞(M,∧l) → C∞(M,∧l−1)
defined by (Kyu)(x; ξ1, . . . , ξl−1) =
∫ 1
0 t
l−1u(tx+ y− ty; x− y, ξ1, . . . , ξl−1)dt and the decomposition u = d(Kyu)+Ky(du).
A homotopy operator T : C∞(M,∧l)→ C∞(M,∧l−1) is defined by Tu = ∫M ϕ(y)Kyudy, averaging Ky over all points y inM ,
where ϕ ∈ C∞0 (M) is normalized by
∫
M ϕ(y)dy = 1 and the decomposition
u = d(Tu)+ T (du) (1.6)
holds for any differential form u. The l-form uM ∈ D′(M,∧l) is defined by
uM = |M|−1
∫
M
u(y)dy, l = 0, and uM = d(Tu), l = 1, 2, . . . , n
for all u ∈ Lp(M,∧l), 1 ≤ p < ∞. From [9], we know that, for any differential form u ∈ Lsloc(B,∧l), l = 1, 2, . . . , n,
1 < s <∞, we have
‖∇(Tu)‖s,B ≤ C |B|‖u‖s,B, (1.7)
‖Tu‖s,B ≤ C |B| diam(B)‖u‖s,B. (1.8)
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2. Main results and proofs
We need the following Lemma 2.1 (Caccioppoli inequality) that was proved in [1], Lemma 2.2 (weak reverse Hölder
inequality) appearing in [10] and Lemma 2.3 (Hölder inequality).
Lemma 2.1. Let u ∈ D′(M,∧l) be a solution to the nonhomogeneous A-harmonic equation (1.1) in M and σ > 1 be a constant.
Then, there exists a constant C, independent of u, such that ‖du‖p,B ≤ C diam(B)−1‖u − c‖p,σB for all balls or cubes B with
σB ⊂ M and all closed forms c. Here 1 < p <∞.
Lemma 2.2. Let u be a smooth differential form satisfying the nonhomogeneous A-harmonic equation (1.1) in M, σ > 1 and
0 < s, t <∞. Then, there exists a constant C, independent of u, such that
‖u‖s,B ≤ C |B|(t−s)/st‖u‖t,σB
for all balls or cubes B with σB ⊂ M.
Lemma 2.3. Let 0 < α < ∞, 0 < β < ∞ and s−1 = α−1 + β−1. If f and g are measurable functions on Rn, then
‖fg‖s,E ≤ ‖f ‖α,E · ‖g‖β,E for any E ⊂ Rn.
Lemma 2.4 ([11]). Let u ∈ C∞(∧lM) and l = 1, 2, . . . , n, 1 < s <∞. Then, there exists a positive constant C, independent of
u, such that
‖dd∗G(u)‖s,M + ‖d∗dG(u)‖s,M + ‖dG(u)‖s,M + ‖d∗G(u)‖s,M + ‖G(u)‖s,M ≤ C‖u‖s,M .
We first prove the following lemma that will be used to establish the main theorems.
Lemma 2.5. Let du ∈ Ls(M,∧l) be a smooth form and G be Green’s operator, l = 1, . . . , n, and 1 < s <∞. Then, there exists
a constant C, independent of u, such that
‖G(u)− (G(u))B‖s,B ≤ C |B| diam(B)‖du‖s,B (2.1)
for all balls B ⊂ M.
Proof. For any differential form u, applying the decomposition (1.6), we have
u = d(Tu)+ T (du) = uB + T (du),
where T is the homotopy operator. Replacing u by G(u), we obtain
(G(u))B = G(u)− T (d(G(u))). (2.2)
Also, from (1.8), we find that
‖Td(G(u))‖s,B ≤ C1|B| diam(B)‖d(G(u))‖s,B (2.3)
for any differential form u. Using (2.2), (2.3) and Lemma 2.4, and noticing that G commutes with d (see [12]), we have
‖G(u)− (G(u))B‖s,B = ‖Td(G(u))‖s,B
≤ C1|B| diam(B)‖d(G(u))‖s,B
= C1|B| diam(B)‖G(du)‖s,B
≤ C2|B| diam(B)‖du‖s,B.
This ends the proof of Lemma 2.5. 
Using Lemma 2.5, we now prove the following inequality for Green’s operator with Lipschitz norm.
Theorem 2.6. Let du ∈ Ls(M,∧l), l = 1, 2, . . . , n, 1 < s <∞, be a smooth form in a domain M. Then, there exists a constant
C, independent of u, such that
‖G(u)‖loc Lipk,M ≤ C‖du‖s,M , (2.4)
where k is a constant with 0 ≤ k ≤ 1.
276 Y. Xing, S. Ding / Computers and Mathematics with Applications 58 (2009) 273–280
Proof. From Lemma 2.5, we have
‖G(u)− (G(u))B‖s,B ≤ C1|B| diam(B)‖du‖s,B (2.5)
for all balls Bwith B ⊂ M . Using the Hölder inequality with 1 = 1/s+ (s− 1)/s, we find that
‖G(u)− (G(u))B‖1,B =
∫
B
|G(u)− (G(u))B|dx
≤
(∫
B
|G(u)− (G(u))B|sdx
)1/s (∫
B
1s/(s−1)dx
)(s−1)/s
= |B|(s−1)/s‖G(u)− (G(u))B‖s,B
= |B|1−1/s‖G(u)− (G(u))B‖s,B
≤ |B|1−1/s (C1|B| diam(B)‖du‖s,B)
≤ C2|B|2−1/s+1/n‖du‖s,B, (2.6)
where we have used diam(B) = C |B|1/n. Now, from the definition of Lipschitz norm, (2.6) and 2− 1/s+ 1/n− 1− k/n =
1− 1/s+ 1/n− k/n > 0, we obtain
‖G(u)‖loc Lipk,M = sup
σB⊂M
|B|−(n+k)/n‖G(u)− (G(u))B‖1,B
= sup
σB⊂M
|B|−1−k/n‖G(u)− (G(u))B‖1,B
≤ sup
σB⊂M
|B|−1−k/nC2|B|2−1/s+1/n‖du‖s,B
= sup
σB⊂M
C2|B|1−1/s+1/n−k/n‖du‖s,B
≤ sup
σB⊂M
C2|M|1−1/s+1/n−k/n‖du‖s,B
≤ C3 sup
σB⊂M
‖du‖s,B
≤ C3‖du‖s,M . (2.7)
The proof of Theorem 2.6 has been completed. 
We prove the following norm comparison theorem between the Lipschitz and the BMO norms.
Theorem 2.7. Let u ∈ Lsloc(M,∧l), l = 1, 2, . . . , n, 1 < s < ∞, be a solution of the A-harmonic equation (1.1) in a bounded
domain M and G be Green’s operator. Then, there exists a constant C, independent of u, such that
‖G(u)‖loc Lipk,M ≤ C‖u‖?,M , (2.8)
where k is a constant with 0 ≤ k ≤ 1.
Proof. From Lemma 2.1, we have
‖du‖s,B ≤ C1|B|−1/n‖u− c‖s,σ1B (2.9)
for any ball B and some constant σ1 > 1, where c is any closed form. Choosing c = uB in (2.9), we find that
‖du‖s,B ≤ C1|B|−1/n‖u− uB‖s,σ1B. (2.10)
Combining (2.6) and (2.10), it follows that
‖G(u)− (G(u))B‖1,B ≤ C2|B|2−1/s+1/n‖du‖s,B
≤ C3|B|2−1/s‖u− uB‖s,σ1B. (2.11)
Applying the weak reverse Hölder inequality for the solutions of the nonhomogeneous A-harmonic equation, we obtain
‖u− uB‖s,σ1B ≤ C4|B|(1−s)/s‖u− uB‖1,σ2B, (2.12)
where σ2 > σ1 > 1 is a constant. Substituting (2.12) into (2.11), we have
‖G(u)− (G(u))B‖1,B ≤ C5|B|‖u− uB‖1,σ2B, (2.13)
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which is equivalent to
|B|−(n+k)/n‖G(u)− (G(u))B‖1,B ≤ C5|B|1−k/n|B|−1‖u− uB‖1,σ2B. (2.14)
Finally, taking the supremum over all balls σ3B ⊂ M with σ3 > σ2 and using the definitions of the Lipschitz and BMO norms,
we obtain
‖G(u)‖loc Lipk,M = sup
σ3B⊂M
|B|−(n+k)/n‖G(u)− (G(u))B‖1,B
≤ sup
σ3B⊂M
C5|B|1−k/n|B|−1‖u− uB‖1,σ2B
≤ C6 sup
σ3B⊂M
|B|−1‖u− uB‖1,σ2B
≤ C7‖u‖?,M . (2.15)
We have completed the proof of Theorem 2.7. 
We have developed some estimates for the Lipschitz norm ‖ · ‖loc Lipk,M . Now, we estimate the BMO norm ‖ · ‖?,M . We
first prove the following inequality between the BMO norm and the Lipschitz norm for Green’s operator.
Theorem 2.8. Let u ∈ Ls(M,∧l), l = 1, 2, . . . , n, 1 < s < ∞, be a smooth form in a bounded, domain M and G be Green’s
operator. Then, there exists a constant C, independent of u, such that
‖G(u)‖?,M ≤ C‖G(u)‖loc Lipk,M . (2.16)
Proof. From the definitions of the Lipschitz and BMO norms, we obtain
‖u‖?,M = sup
σB⊂M
|B|−1‖u− uB‖1,B
= sup
σB⊂M
|B|k/n|B|−(n+k)/n‖u− uB‖1,B
≤ sup
σB⊂M
|M|k/n|B|−(n+k)/n‖u− uB‖1,B
≤ |M|k/n sup
σB⊂M
|B|−(n+k)/n‖u− uB‖1,B
≤ C1 sup
σB⊂M
|B|−(n+k)/n‖u− uB‖1,B
≤ C1‖u‖loc Lipk,M , (2.17)
where C1 is a positive constant. Since inequality (2.17) holds for any differential form, wemay replace u by G(u) in inequality
(2.17). Hence, we have
‖G(u)‖?,M ≤ C1‖G(u)‖loc Lipk,M , (2.18)
where k is a constant with 0 ≤ k ≤ 1. We have completed the proof of Theorem 2.8. 
Next, we estimate BMO norm ‖ · ‖?,M of Green’s operator in terms of Ls norm.
Theorem 2.9. Let du ∈ Ls(M,∧l), l = 1, 2, . . . , n, 1 < s < ∞, be a smooth form in a bounded, domain M and G be Green’s
operator. Then, there exists a constant C, independent of u, such that
‖G(u)‖?,M ≤ C‖du‖s,M . (2.19)
Proof. From Theorem 2.6, we have
‖G(u)‖loc Lipk,M ≤ C1‖du‖s,M . (2.20)
Combination of (2.18) and (2.20) yields
‖G(u)‖?,M ≤ C2‖du‖s,M .
The proof of Theorem 2.9 has been completed. 
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Based on the above results, we discuss the weighted Lipschitz and BMO norms. For u ∈ L1loc(M,∧l, wα), l = 0, 1, . . . , n,
we write u ∈ loc Lipk(M,∧l, wα), 0 ≤ k ≤ 1, if
‖u‖loc Lipk,M,wα = sup
σQ⊂M
(µ(Q ))−(n+k)/n‖u− uQ‖1,Q ,wα <∞ (2.21)
for some σ > 1, whereM is a bounded domain, the Radon measure µ is defined by dµ = w(x)αdx,w is a weight and α is a
real number. For convenience, we shall write the following simple notation loc Lipk(M,∧l) for loc Lipk(M,∧l, wα). Similarly,
for u ∈ L1loc(M,∧l, wα), l = 0, 1, . . . , n, we will write u ∈ BMO(M,∧l, wα) if
‖u‖?,M,wα = sup
σQ⊂M
(µ(Q ))−1‖u− uQ‖1,Q ,wα <∞ (2.22)
for some σ > 1, where the Radon measure µ is defined by dµ = w(x)αdx, w is a weight and α is a real number. Again, we
use BMO(M,∧l) to replace BMO(M,∧l, wα)whenever it is clear that the integral is weighted.
We say a pair of weights (w1(x), w2(x)) satisfies the Ar,λ(E)-condition in a set E ⊂ Rn, write (w1(x), w2(x)) ∈ Ar,λ(E),
for some λ ≥ 1 and 1 < r <∞with 1/r + 1/r ′ = 1 if
sup
B⊂E
(
1
|B|
∫
B
(w1)
λdx
) 1
λr
(
1
|B|
∫
B
w
−λr′
r
2 dx
) 1
λr′
<∞. (2.23)
The following version of weak reverse Hölder inequality appeared in [2].
Lemma 2.10. Suppose that u is a solution to the nonhomogeneous A-harmonic equation (1.1) in M, σ > 1 and p, q > 0. There
exists a constant C, depending only on σ , n, p, a, b and q, such that ‖du‖p,Q ≤ C |Q |(q−p)/pq‖du‖q,σQ for all Q with σQ ⊂ M.
Using the Hölder inequality and Lemma 2.10, we extend inequality (2.1) into the following weighted version.
‖G(u)− (G(u))B‖s,B,wα1 ≤ C |B| diam(B)‖du‖s,σB,wα2 (2.24)
for all balls B with σB ⊂ M , where (w1(x), w2(x)) ∈ Ar,λ(M) for some λ ≥ 1 and 1 < r < ∞, σ > 1 and α are constants
with 0 < α ≤ 1.
Theorem 2.11. Let du ∈ Ls(M,∧l, ν), l = 1, 2, . . . , n, 1 < s <∞, be a solution of the nonhomogeneous A-harmonic equation
in a bounded, domain M and G be Green’s operator, where the Radon measures µ and ν are defined by dµ = wα1 dx, dν = wα2 dx
and (w1(x), w2(x)) ∈ Ar,λ(M) for some λ ≥ 1 and 1 < r <∞withw1(x) ≥ ε > 0 for any x ∈ M. Then, there exists a constant
C, independent of u, such that
‖G(u)‖loc Lipk,M,wα1 ≤ C‖du‖s,M,wα2 , (2.25)
where k and α are constants with 0 ≤ k ≤ 1 and 0 < α ≤ 1.
Proof. Since µ(B) = ∫Bwα1 dx ≥ ∫B εαdx = C1|B|, we have
1
µ(B)
≤ C2|B| (2.26)
for any ball B. Using (2.24) and the Hölder inequality with 1 = 1/s+ (s− 1)/s, we find that
‖G(u)− (G(u))B‖1,B,wα1 =
∫
B
|G(u)− (G(u))B|dµ
≤
(∫
B
|G(u)− (G(u))B|sdµ
)1/s (∫
B
1s/(s−1)dµ
)(s−1)/s
= (µ(B))(s−1)/s‖G(u)− (G(u))B‖s,B,wα1
= (µ(B))1−1/s‖G(u)− (G(u))B‖s,B,wα1
≤ (µ(B))1−1/s(C3|B| diam(B)‖du‖s,σB,wα2 )
≤ C4(µ(B))1−1/s|B|1+1/n‖du‖s,σB,wα2 . (2.27)
Notice that−1/s− k/n+ 1+ 1/n > 0 and |M| <∞, from (2.21), (2.26) and (2.27), we have
‖G(u)‖loc Lipk,M,wα1 = sup
σB⊂M
(µ(B))−(n+k)/n‖G(u)− (G(u))B‖1,B,wα1
= sup
σB⊂M
(µ(B))−1−k/n‖G(u)− (G(u))B‖1,B,wα1
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≤ C5 sup
σB⊂M
(µ(B))−1/s−k/n|B|1+1/n‖du‖s,σB,wα2
≤ C6 sup
σB⊂M
|B|−1/s−k/n+1+1/n‖du‖s,σB,wα2
≤ C6 sup
σB⊂M
|M|−1/s−k/n+1+1/n‖du‖s,σB,wα2
≤ C6|M|−1/s−k/n+1+1/n sup
σB⊂M
‖du‖s,σB,wα2
≤ C7‖du‖s,M,wα2 .
We have completed the proof of Theorem 2.11. 
We now estimate the ‖ · ‖?,M,wα1 norm in terms of the Ls norm.
Theorem 2.12. Let du ∈ Ls(M,∧l, ν), l = 1, 2, . . . , n, 1 < s <∞, be a solution of the nonhomogeneous A-harmonic equation
in a bounded domain M and G be Green’s operator, where the measure µ and ν are defined by dµ = wα1 dx, dν = wα2 dx and
(w1(x), w2(x)) ∈ Ar,λ(M) for some λ ≥ 1 and 1 < r <∞ withw1(x) ≥ ε > 0 for any x ∈ M. Then, there exists a constant C,
independent of u, such that
‖G(u)‖?,M,wα1 ≤ C‖du‖s,M,wα2 , (2.28)
where α is a constant with 0 < α ≤ 1.
Proof. From the definitions of the weighted Lipschitz and the weighted BMO norms, we have
‖u‖?,M,wα1 = sup
σB⊂M
(µ(B))−1‖u− uB‖1,B,wα1
= sup
σB⊂M
(µ(B))k/n(µ(B))−(n+k)/n‖u− uB‖1,B,wα1
≤ sup
σB⊂M
(µ(M))k/n(µ(B))−(n+k)/n‖u− uB‖1,B,wα1
≤ (µ(M))k/n sup
σB⊂M
(µ(B))−(n+k)/n‖u− uB‖1,B,wα1
≤ C1 sup
σB⊂M
(µ(B))−(n+k)/n‖u− uB‖1,B,wα1
≤ C1‖u‖loc Lipk,M,wα1 , (2.29)
where C1 is a positive constant. Replacing u by G(u) in (2.29), we obtain
‖G(u)‖?,M,wα1 ≤ C1‖G(u)‖loc Lipk,M,wα1 , (2.30)
where k is a constant with 0 ≤ k ≤ 1. Now, from Theorem 2.11, we find that
‖G(u)‖loc Lipk,M,wα1 ≤ C2‖du‖s,M,wα2 . (2.31)
Substituting (2.31) into (2.30), we obtain ‖G(u)‖?,M,wα1 ≤ C3‖du‖s,M,wα2 . The proof of Theorem 2.12 has been completed. 
3. Applications
As applications, we develop some estimates for the Jacobian J(x, f ) of amapping f : M → Rn, f = (f 1, . . . , f n). We know
that the Jacobian J(x, f ) of amapping f is an n-form, specifically, J(x, f )dx = df 1∧· · ·∧df n, where dx = dx1∧dx2∧· · ·∧dxn.
Let f : M → Rn, f = (f 1, . . . , f n) be a mapping, whose distributional differential Df = [∂ f i/∂xj] : M → GL(n) is a locally
integrable function inM with values in the space GL(n) of all n× n-matrices. We use
J(x, f ) = det Df (x) =
∣∣∣∣∣∣∣∣∣
f 1x1 f
1
x2 f
1
x3 · · · f 1xn
f 2x1 f
2
x2 f
2
x3 · · · f 2xn
...
...
...
. . .
...
f nx1 f
n
x2 f
n
x3 · · · f nxn
∣∣∣∣∣∣∣∣∣
to denote the Jacobian determinant of f . Let u be the subdeterminant of Jacobian J(x, f ), which is obtained by deleting the l
rows and l columns, l = 0, 1, . . . , n− 1, that is,
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u = J(xj1 , xj2 , . . . , xjn−l; f i1 , f i2 , . . . , f in−l)
=
∣∣∣∣∣∣∣∣∣∣
f i1xj1 f
i1
xj2
f i1xj3 · · · f
i1
xjn−l
f i2xj1 f
i2
xj2
f i2xj3 · · · f
i2
xjn−l
...
...
...
. . .
...
f in−lxj1 f
in−l
xj2
f in−lxj3 · · · f
in−l
xjn−l
∣∣∣∣∣∣∣∣∣∣
, (3.1)
which is a subdeterminant of J(x, f ), here {i1, i2, . . . , in−l} ⊂ {1, 2, . . . , n} and {j1, j2, . . . , jn−l} ⊂ {1, 2, . . . , n}. Also, it
is easy to see that J(xj1 , xj2 , . . . , xjn−l; f i1 , f i2 , . . . , f in−l)dxj1 ∧ dxj2 ∧ · · · ∧ dxjn−l is an (n − l)-form. Thus, all estimates for
differential forms are applicable to the (n−l)-form J(xj1 , xj2 , . . . , xjn−l; f i1 , f i2 , . . . , f in−l)dxj1∧dxj2∧· · ·∧dxjn−l . For example,
choosing u = J(x, f )dx and applying Theorems 2.8 and 2.11, respectively, we have the following theorems.
Theorem 3.1. Let G(J(x, f )dx) ∈ loc Lipk(M,∧n), 0 ≤ k ≤ 1, where J(x, f ) is the Jacobian of the mapping f = (f 1, . . . , f n) :
M → Rn and G is Green’s operator. Then, G(J(x, f )dx) ∈ BMO(M,∧n) and
‖G(J(x, f ))‖?,M ≤ C‖G(J(x, f ))‖loc Lipk,M , (3.2)
where C is a constant.
Theorem 3.2. Let u ∈ Ls(M,∧n−l, ν), 1 < s <∞, be the (n− l)-form defined by (3.1), l = 1, 2, . . . , n, G be Green’s operator,
where the Radon measures µ and ν are defined by dµ = wα1 dx, dν = wα2 dx and (w1(x), w2(x)) ∈ Ar,λ(M) for some λ ≥ 1 and
1 < r <∞ withw1(x) ≥ ε > 0 for any x ∈ M. Then, there exists a constant C, independent of u, such that
‖G(u)‖loc Lipk,M,wα1 ≤ C‖du‖s,M,wα2 ,
where k and α are constants with 0 ≤ k ≤ 1 and 0 < α ≤ 1.
Applying Theorem 2.9 to the (n− l)-form defined in (3.1), we have the following result.
Theorem 3.3. Let G be Green’s operator and du ∈ Ls(M,∧n−l+1), l = 1, 2, . . . , n, 1 < s < ∞, where u is the (n − l)-form
defined by (3.1) in a bounded, domain M. Then, there exists a constant C, independent of u, such that
‖G(u)‖?,M ≤ C‖du‖s,M .
Remark. Note that the differentiable functions are special differential forms (0-forms). Hence, the usual p-harmonic
equation div(∇u|∇u|p−2) = 0 for functions is the special case of the A-harmonic equation for differential forms as we
discussed in Section 1. Therefore, all results that we have proved for solutions of the A-harmonic equation in this paper are
still true for p-harmonic functions.
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